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Based on the generalized uncertainty principle (GUP), the critical temperature and the Helmholtz
free energy of Bose-Einstein condensation (BEC) in the relativistic ideal Bose gas are investigated.
At the non-relativistic limit and the ultra-relativistic limit, we calculate the analytical form of the
shifts of the critical temperature and the Helmholtz free energy caused by weak quantum gravita-
tional effects. The exact numerical results of these shifts are obtained. Quantum gravity effects lift
the critical temperature of BEC. By measuring the shift of the critical temperature, we can constrain
the deformation parameter β0. Furthermore, at lower densities, omitting quantum gravitational ef-
fects may lead to a metastable state while at sufficiently high densities, quantum gravitational
effects tend to make BEC unstable. Using the numerical methods, the stable-unstable transition
temperature is found.
In the absence of a full theory of quantum gravity,
effective models are useful tools to gain some experi-
mental signatures from quantum theory of gravity. This
is so-called quantum-gravity phenomenology or Planck-
scale phenomenology [1, 2]. Most studies focused on
the gamma-ray astrophysics [3–6], fundamental parti-
cle processes [7–10], neutrino physics [11, 12] and the
laser-interference of gravity waves [13–17], where par-
ticles exist in the ultra-relativistic regime. It is also
possible to test quantum gravity effects using cold or
slow atoms, where particles exist in the non-relativistic
regime [18–21]. In [20–24], quantum gravity effects of
non-traped and harmonically trapped Bose-Einstein con-
densates are examined respectively using the deformed
non-relativistic free-particle energy-momentum disper-
sion relation. Quantum gravity effects cause an explicit
shift in the condensation temperature, and then ultra-
precise measurements of the condensation temperature
make it possible to upper-bound the deformation param-
eter. Therefore, BEC opens a new road to quantum-
gravity phenomenology.
The effective quantum gravity models used in the
above are modified dispersion relations (MDR). Quan-
tum gravity theories also predict that gravity itself leads
to an effective cutoff in the ultraviolet, i.e., a minimal
observable length [25, 26]. Some realizations of the min-
imal length from various scenarios are proposed. One of
the most important models is the generalized uncertainty
principle (GUP), derived from the generalized commuta-
tion relation
[x, p] = i~
(
1 + βp2
)
, (1)
where β = β0l2p/~2 = β0/c2M2p with the Planck mass
Mp =
√
~c/G and the Planck length lp =
√
G~/c3. β0
is a dimensionless parameter. And then, we can get the
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familiar form of GUP
∆x∆p ≥ ~
2
[1 + β(∆p)2], (2)
this in turn gives the minimum measurable length
∆x ≥ ∆min ≡ ~
√
β =
√
β0 lp. (3)
In this letter, based on the generalized uncertainty
principle (GUP), we are going to investigate the effects of
the minimal length on Bose-Einstein condensation in the
relativistic ideal Bose gas. Instead of considering ther-
modynamical functions of the relativistic ideal Bose gas,
we focus on the BEC critical temperature and the sta-
bility of relativistic ideal Bose-Einstein condensates in
the presence of quantum gravity. We will compare the
exact Helmholtz free energy between ordinary particle-
antiparticle system and the system including quantum
gravity at all number densities and all critical tempera-
tures. It will be shown that when the critical temperature
Tc is low enough, the Helmholtz free energy with quan-
tum gravity becomes lower, thus implying that the ideal
Bose gas considering quantum gravity is stabler. How-
ever, when the critical temperature Tc is high enough,
the Helmholtz free energy with quantum gravity becomes
higher. This implies that quantum gravity effects make
the Bose-Einstein condensation of ideal Bose gas unsta-
bler. Using numerical methods, we can find the stable-
unstable transition temperature.
We consider a gaseous system of noninteracting bosons
and antibosons of mass m whose macro state is denoted
by (T, V, µ), where µ is the chemical potential of bosons
confined in volume V at a temperature T . When consid-
ering the effects of minimal length, in three dimensional
space, the revised state density function has been derived
from Eq. (1) , which is given [27–29]
D(p)dp =
V p2
2pi2~3 (1 + βp2)3
dp, p ∈ (0,+∞). (4)
This implies that, compared with the ideal gas with-
out quantum gravity, the ideal gas in the GUP sce-
nario has a lower probability for the particles to oc-
cupy the same quantum state. The revised state density
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2function reaches a maximum around p = 1/
√
2β. Us-
ing the revised state density (4), the logarithm of the
grand partition function for this system can be written
in integrated form with relativistic dispersion relation
Ep =
√
m2c4 + p2c2 as
lnZG = lnZG|p=0 − V
2pi2~3
∫ ∞
0+
p2
(1 + βp2)
3 dp×{
ln
[
1− exp
[
−βB
(
m2c4 + p2c2
)1/2 − α]]
+ (α→ −α)} , (5)
where βB = 1/kBT , kB is the Boltzmann constant and
α ≡ −µ/kBT . All other thermodynamic functions can be
derived from lnZG. In particular, the complete number
density of boson and antiboson n is
n ≡ nb − nb¯ = n|p=0 + n|p>0
= n|p=0 + 1
2pi2~3
∫ ∞
0+
p2
(1 + βp2)3
dp
×

1
exp
[(√
m2c4+p2c2−µ
)
kBT
]
− 1
− (µ→ −µ)
 ,(6)
the exact Helmholtz free energy per unit volume
f ≡ F
V
= nmc2 − kBT 1
V
lnZG. (7)
Since nb, nb¯ > 0 for all p ≥ 0 and E0 = mc2, the
chemical potential must be bounded by | µ |≤ mc2. We
impose the constancy of n to extract the correct BEC
critical transition temperature Tc. At the BEC critical
temperature Tc, n|p=0 = 0, | µ(Tc) |= mc2, we set
n˜ ≡ n∆3C =
(
∆C
d¯
)3
, x ≡ pc
kBTc
, λ ≡ kBTc
mc2
, (8)
σ ≡ mc
2
EH
=
√
β0
m
Mp
=
∆min
∆C
, κ ≡ λσ = Tc
TH
, (9)
F ≡ F˜mc2, V ≡ V˜∆3C , f ≡
F
V
≡ f˜ mc2∆−3C , (10)
where d¯ ≡ n−1/3 is the average distance between par-
ticles, ∆C = ~/mc is the Compton wavelength, EH ≡
c/
√
β = Mpc
2/
√
β0 is the Hagedorn energy and TH =
EH/kB is the Hagedorn temperature defined in [30].
Then, at the BEC critical temperature, Eq. (6) can be
written in dimensionless form as
n˜ =
λ3
2pi2
∫ ∞
0+
x2 dx
(1 + κ2x2)3
×
 1exp [(x2 + 1λ2 )1/2 − 1λ]− 1 − (λ→ −λ)
 .(11)
Eq. (11) gives the implicit expression for λ as a function
of n˜ and σ, λ = λ(n˜, σ). Furthermore, the dimensionless
form of the Helmholtz free energy
f˜ = n˜+
λ4
2pi2
∫ ∞
0+
x2 dx
(1 + κ2x2)3
×{
ln
[
1− exp
[
1
λ
−
(
x2 +
1
λ2
) 1
2
]]
+ (λ→ −λ)
}
.(12)
There are different upper bounds about β0 from dif-
ferent theories. A better bound is gained from simple
electro-weak consideration β0 < 1034. The observed
masses of neutron stars (≤ 2M) indicate that β0 < 1037
[31]. A relatively rough but stronger restriction is esti-
mated in [32]. In [33], based on the precision measure-
ment of Lamb shift, an upper bound of β0 is given by
β0 < 10
36. On the other hand, the values of the bo-
son mass m in cosmological observations vary from very
heavy values of the order of 1013 GeV to values as light as
10−23 eV [34]. Then we have σ = 10−51
√
β0 ∼ 10−6
√
β0.
Note that σ = ∆min/∆C , physically, we constrain σ < 1.
The size of κ tells when the BEC critical temperature
enters the level where quantum gravity effects play an
important role. Naturally, for m 6= 0, ∆min = 0 means
that κ = 0. For κ  1, from Eq. (11) and (12), we can
expand the denominator of the integrand before perform-
ing integration and then acquire small corrections of the
critical temperature and the Helmholtz free energy due
to quantum gravity effects. When κ approaching 1, the
critical temperature enters the level which is dominated
by quantum gravity. Although the GUP is an effective
model, we will explore some properties of this region us-
ing numerical methods.
Now we consider the shift in the critical temperature.
For κ 1, we address two extreme cases as follows.
(i) Non-relativistic limit, i.e., λ 1. In this situation,
e−1/λ ' 0, [x2 + (1/λ)2]1/2 − 1/λ ' λx2/2. Eq. (11)
reduces to the following integrand
n˜ ' λ
3
2pi2
∫ ∞
0
x2(1− 3κ2x2) 1
e
1
2λx
2 − 1dx
=
(
λ
2pi
)3/2
ζ(3/2)
[
1− 9κσ ζ(5/2)
ζ(3/2)
]
, (13)
where ζ(s) is the Riemann zeta function. Since λ =
λ(n˜, σ), then the shift in the condensation temperature
due to the quantum gravity effects is
∆λ
λ
≡ λ(n˜, σ)− λ(n˜, 0)
λ(n˜, 0)
' 6κσ ζ(5/2)
ζ(3/2)
' 12piζ(5/2)
[ζ(3/2)]5/3
σ2n˜2/3 (14)
' 10.21β0
(
~
Mpc
)2
n
2
3 = 10.21
(
∆min
d¯
)2
.(15)
The shift is independent on boson mass m and is a
monotonically increasing function of n2/3. In the 8537Rb
3BEC with number density n ' 1018m−3 and boson mass
m ' 150 × 10−27kg [35], ∆λ/λ ∼ 10−58β0. These re-
sults are explicitly different from results obtained in [20],
where ∆Tc/T 0c ∝ n−1/3. In our scenario, the effects
of minimal length play an important role only in the
high densities or temperatures, and then thermodynam-
ics should be corrected only in the high densities or tem-
peratures.
(ii) Ultra-relativistic limit, i.e., λ  1. In this situa-
tion, e1/λ ' 1 + 1/λ, [x2 + (1/λ)2]1/2 ' x. λ 1 implies
∆min  ∆C , d¯ ∆C . From Eq. (11), we obtain
n˜ ' λ
2
pi2
∫ ∞
0
x2(1− 3κ2x2) e
x
(ex − 1)2 dx
=
(
1
3
− 4
5
pi2κ2
)
λ2. (16)
Then the shift in the condensation temperature is
∆λ
λ
' 6
5
pi2κ2 ' 18
5
pi2σ2n˜ (17)
=
18
5
pi2 β0
~3
M2p c
3m
n =
18
5
pi2
∆C
d¯
(
∆min
d¯
)2
.(18)
The shift is dependent on boson mass m and is a mono-
tonically increasing function of n. For the mass of neu-
tron mn = 1.6749 × 10−27 kg and the normal nuclear
density ρ = 2.7× 1017 kgm−3, ∆λ/λ ∼ 10−40β0. For the
upper limit of observed values, β0 = 1036, the shift in the
condensation temperature is 10−4, which is far below the
current laboratory measurement accuracy, 10−2. In the
BEC stars, this may have little effects. However, such
a small shift might produce a significant impact on the
structure formation in the early universe.
As functions of the dimensionless boson number den-
sity n (in units of 1/∆3C), FIG. 1 displays the behavior
of the critical temperature Tc (in units of mc2/kB) nu-
merically extracted from (11) for σ = 0, 0.05, 0.1, 0.5, 1.
At the low densities (n˜  1), quantum gravity effects
give small corrections for all σ. At the high densities
(n˜ 1), when σ is close to zero, the corrections are still
small since κ = λσ → 0. These results are consistent
with the results given by the analytical solution (14) and
(17). FIG. 2 depicts the behavior of the shift of the criti-
cal temperature for σ = 0.05, 0.1, 0.5, 1. It is easy to find
that quantum gravity effects lift the critical temperature
of BEC and larger β0 leads to more obvious lift of the
critical temperature. Therefore, quantum gravity effects
enhance the formation of BEC, that is, at the same criti-
cal temperature, BEC can also occur even if at relatively
low density.
The shift of the critical temperature ∆λ/λ is a re-
flection of minimal length. Although the interboson
interactions will result in the shift, we still expect to
measure and constrain the deformation parameter β0
by measuring and constraining the shift of the critical
temperature in the relativistic ideal Bose gas. Numer-
ically extracted from (11), Table 1 shows the values of
σ for different number density n˜ and the shift of the
critical temperature ∆λ/λ. For the mass of neutron
mn = 1.6749 × 10−27 kg and the normal nuclear density
ρ = 2.7×1017 kgm−3, n˜ ∼ 10−3, ∆C = 0.1d¯. From Table
1 and FIG. 2, for n˜ = 10−3, if we constrain ∆λ/λ < 10−2,
we have σ =
√
β0mn/Mp < 0.31. Then we can constrain
β0 < 1.6× 1037, compatible with that from the observed
masses of neutron stars [31]. But this is not as good as
the upper bound β0 < 1036 from the precision measure-
ment of Lamb shift [33]. In our scenario, higher density
and smaller temperature shift will give a more stronger
upper bound.
Table 1. σ for different number density n˜ and the shift of
the critical temperature ∆λ/λ.
HHHHH∆λ/λ
n˜
10−6 10−3 1 103
0.1 10.68 1.05 5.81× 10−2 1.85× 10−3
0.01 3.15 0.31 1.69× 10−2 5.36× 10−4
0.001 0.99 0.10 5.28× 10−3 1.68× 10−4
0.0001 0.31 0.03 1.67× 10−3 5.31× 10−5
0.00001 0.10 0.01 5.27× 10−4 1.68× 10−5
It is then tempting to speculate that quantum gravity
will affect the stability of BEC. For κ  1, we also
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FIG. 1: The number density n˜ versus the critical temperature
λ for σ = 0, 0.05, 0.1, 0.5, 1. The curves of σ > 0 are in the
above of the curve σ = 0. This means that quantum gravity
effects lift the critical temperature of BEC.
.
address two extreme situations. At the non-relativistic
limit, the Helmholtz free energy
f˜ ' n˜+ λ
4
2pi2
∫ ∞
0+
x2(1− 3κ2x2) ln
[
1− e− 12λx2
]
dx
'
(
λ
2pi
)3/2 [
ζ(
3
2
)− ζ(5
2
)λ
]
− 18pi ζ(5/2)
[ζ(3/2)]5/3
σ2n˜5/3
≡ f˜NR0 + ∆fNR(n˜, σ), (19)
where f˜NR0 = (λ/2pi)3/2[ζ(3/2) − ζ(5/2)λ] ∼ λ3/2 > 0
is the free energy without considering quantum grav-
ity effects at the non-relativistic limit, ∆f˜NR(n˜, σ) ∼
−σ2n˜5/3 < 0 is the correct term when considering quan-
tum gravity effects. The relative shift is ∆f˜/f˜NR0 ∼
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FIG. 2: The shift of the critical temperature ∆λ/λ versus the
number density n˜ for σ = 0.05, 0.1, 0.5, 1. In order to display
on a graph for different values of σ, ∆λ/λ is displayed in the
form of a logarithmic graph.
−∆λ/λ. At the ultra-relativistic limit, the Helmholtz
free energy
f˜ ' n˜+ λ
4
pi2
∫ ∞
0+
x2(1− 3κ2x2) ln [1− e−x]dx
'
(
1
3
λ2 − pi
2
45
λ4
)
+
72pi4
35
σ2n˜3
≡ f˜UR0 + ∆f˜UR(n˜, σ), (20)
where f˜UR0 =
1
3λ
2 − pi245λ4 ∼ −λ4 < 0 is the free energy
without considering quantum gravity effects at the ultra-
relativistic limit, ∆f˜UR(n˜, σ) ∼ σ2n˜3 > 0. Also, the
relative shift is ∆f˜/f˜UR0 ∼ −∆λ/λ.
For a fixed σ, we rescale the number density and the
Helmholtz free energy as
n¯ ≡ σ3n˜ = (∆min/d¯)3, f¯ ≡ σ4f˜ = f∆3min/EH.
Then in Eq. (12), we write ∆f¯ = f¯(n¯, σ)− f¯0, where f¯0
is the free energy without considering quantum gravity
effects. FIG. 3 shows ∆f¯ versus n¯ for a fixed σ = 0.01.
When 0 < n¯ < n¯0 ≈ 0.0028, ∆f¯ < 0. When n¯ > n¯0 ≈
0.0028, ∆f¯ > 0. These results are consistent with previ-
ous analytical results in (19) and (20). Note that in FIG.
3, f¯ and f¯0 correspond to different critical temperatures
respectively for the same density n¯. Since λ(n˜, σ) is a
monotonous function of n˜, we rewrite ∆f¯ = f¯(κ, σ)− f¯0.
FIG. 4 shows ∆f¯ versus κ = Tc/TH for a fixed σ = 0.01.
There exists a stable-unstable transition temperature κ0.
When 0 < κ < κ0 ≈ 0.0087, ∆f¯ < 0, quantum gravity
effects lower the Helmholtz free energy and then make
BEC stabler while when κ > κ0, ∆f¯ > 0, quantum grav-
ity effects lift the Helmholtz free energy and tend to make
BEC unstabler. Furthermore, ∆f¯ has a minimum around
κmin ≈ 0.007. Obviously, κ0 and κmin depend on σ. FIG.
5 depicts κmin and κ0 versus different values of σ.
In summary, we discussed the relativistic ideal Bose gas
at the critical temperature of Bose-Einstein condensa-
tion by a simple effective quantum gravity model. When
Σ=0.01
0.001 0.002 0.003 0.004 0.005n
0.02
0.04
0.06
0.08
0.10
0.12
D f
FIG. 3: For a fixed σ = 0.01, ∆f¯ versus n¯. When n¯ is small
enough, ∆f¯ < 0. ∆f¯ has a minimum around n¯min = 0.0018.
When n¯ is sufficiently large, ∆f¯ > 0.
.
Σ=0.01
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FIG. 4: For a fixed σ = 0.01, ∆f¯ versus κ = Tc/TH. ∆f¯
has a minimum around κmin = 0.007. The stable-unstable
transition temperature κ0 ≈ 0.0087.
the critical temperature Tc  EH/kB, we obtained the
analytic results of the shift in the critical temperature
and the shift of the Helmholtz free energy due to quan-
tum gravity at the non-relativistic limit and the ultra-
relativistic limit. The exact numerical results of these
shifts are given. By measuring the shift of the critical
temperature, we could measure and constrain the defor-
mation parameter β0 accounting for quantum gravity ef-
fects. It is shown that at sufficiently low temperatures or
densities, the Helmholtz free energy with quantum grav-
ity effects is lower, thus implying that omitting quan-
tum gravitational effects may lead to a metastable state.
However, at sufficiently high temperatures or densities,
the Helmholtz free energy with quantum gravity effects is
higher, thus implying that quantum gravity effects tend
to make the BEC unstaber. Numerical methods show
that the stable-unstable transition temperature κ0 de-
pends on the deformation parameter β0 and boson mass
m, that is, σ = ∆min/∆C = β0m/Mp. Our results are
dependent on the GUP model. More refined model of
quantum gravity may improve outcomes for details. It
would be of importance in the future work to explore
5Κ0
Κmin
0.05 0.10 0.15 0.20Σ
0.05
0.10
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FIG. 5: κmin corresponding to the minimum value of ∆f¯ and
the stability-instability transition critical temperature κ0 ver-
sus different values of σ = ∆min/∆C .
quantum gravity effects on the critical behavior of the
relativistic ideal Bose gas and apply to boson compact
stars and BECs in the early universe.
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